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In this section, we will continue to find useful applications of the definite integral.  First, we will compute the length of a curve.

	Suppose that you had no Calculus experience, but you were adept at algebraic ideas.  How could you estimate the length of the curve 
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 between the points where x = 1 and x = 4?
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	Make an improved approximation of the arc length by using three line segments.
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	We could continue to make improved approximations by
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Partitioning 
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 into n equal-sized subintervals, we can approximate the length of the curve (the arc length), denoted s, by
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where 
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and 
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Now, employ a little algebraic flim-flammery.

Now, let 
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This looks like the definition of a definite integral.

We will be assuming, unless it is stated otherwise, that the function under consideration, f, is continuously differentiable.  Thus, we can use the Mean Value Theorem to conclude that the exact value of the arc length is
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Exercise 1:  (Completion of the example started at the top of page 1.)  Use an integral to estimate (to the nearest hundredth) the arc length of 
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 between the points where x = 1 and x = 4.

f(x) =
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Thus, s =
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Exercise 2:  Determine the arc length of  y = ln(sin(x)), between 
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 .  (See the darkened portion of the graph.)  We’ll do all the work by hand in this exercise as a review of some important ideas from PreCalculus and from Calculus 1.
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f(x) =
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Recall the following trigonometric identity:  
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Thus, s = 
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Exercise 3:  Determine the arc length of 
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.  As in Exercise 2, we’ll do all of the work by hand to review some Algebra and some Calculus 1 (u-substitution.)  See page 478 in the text for a solution using different steps.
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	Solve for y.
	Compute 
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	s = 
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	     Let u =
     Then, du =

     x = 8 
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     x = 0 
[image: image39.wmf]Þ

 u =


= 
[image: image40.wmf]2

8

3

1

3

0

11894

18

3

x

dx

x

+

ò

 =
Topological Facts
A.  A curve is a _____ - dimensional object.  If you revolve a curve about a line, the resulting object is _____ - dimensional.

B.  A region in the plane (like we looked at in 7.2 and 7.3) is a _____ - dimensional object.  If you revolve such a region about a line, the resulting object is _____ - dimensional.

Area of a Surface of Revolution

If the graph of a continuous function is revolved about a line, the resulting surface is called a surface of revolution.

	If y = f(x) has a continuous derivative on 
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, then the area, S, of the surface of revolution formed by revolving the graph of f about a horizontal or vertical axis is

     S =

where r(x) is the distance between
	If x = g(y) has a continuous derivative on 
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, then the area, S, of the surface of revolution formed by revolving the graph of g about a horizontal or vertical axis is

     S =

where r(y) is the distance between


Note that the formulas at the bottom of page 3 match our intuition, in that the area of a surface of revolution is, roughly speaking,
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Exercise 4:  Determine the area of the surface formed by revolving the graph of 
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 about the x-axis.
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Thus, S = 
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	The axis of revolution is the x-axis, and the distance between the axis of revolution (which is the x-axis) and the graph is
Thus, in this exercise, r(x) =

Note that 
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Exercise 5:  Determine the area of the surface formed by revolving the graph of 
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Note that 
[image: image53.wmf]()

gy

¢

=


Thus, S = 
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	g(y) is the formula for f rewritten as x in terms of y.


[image: image55.wmf]4

yx

=

     
[image: image56.wmf]Þ
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r(y) is the distance from the axis of revolution, which is the y-axis, to the graph.  Thus, in this exercise, r(y) =                              
Thus, r(y) =

and 
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