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Infinite Series
Def.:  Let {ai} be a sequence.  An infinite series (or, simply, a series) is the sum of the terms of the sequence.
Note 1:  Sometimes, it is convenient or necessary to begin the index at i = 0 or at some other integer.  And sometimes the series is expressed without a starting value, 
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, when we are lazy or when the starting value for the problem must be taken from the context of the problem.
Convergence or Divergence of a Series
The basic problem for the remainder of the entire chapter is to discuss ways that will help us figure out if a series (the sum of an infinite set of numbers) adds up to a finite number, adds up to an infinite number, or just doesn’t add up.

Sequence of Partial Sums
In this section, we will attempt to calculate a sum by considering the sequence of partial sums of a sequence {ai}.  To start, let {ai} be a sequence (list or set) of real numbers.
S1 =


S2 =



S3 =

…
Sn =






…
We have created a new sequence, {Sn}, called the sequence of partial sums of {ai}.

	If the sequence of partial sums, {Sn}, converges to a finite number, L, then the series 
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 is said to converge to (add up to) that same number L.  If the sequence of partial sums, {Sn}, diverges, then the series 
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 is said to diverge.


Note 2:  The word “converge” is used in two similar, but still different, contexts.  A sequence is said to converge if, roughly speaking, its terms get closer and closer to a single, finite number.  (See the proper definition in Section 9.1.)  A series is said to converge if its terms add up to a single, finite number.  The connection between the two contexts is that, for a series, we define a sequence (the sequence of partial sums.)
Note 3:  The word “converge” is also used in integration; if a definite integral has a finite value, the integral is said to converge.
Exercise 1:  Consider the series
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 .  Determine the nth partial sum of the series, and determine whether the series converges or diverges.

Note that 
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Note also that 
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 , where {ai} =

Therefore, 
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Telescoping Series
Def.:  A telescoping series is one that can be expressed in the form

S1 = (b1 – b2)


S2 = (b1 – b2) + (b2 – b3) =
S3 = (b1 – b2) + (b2 – b3) + (b3 – b4) =



The nth partial sum is Sn =
Therefore, the sum, if the series converges, is equal to

Exercise 2:  Consider the series
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 .  Show that this series is telescoping, determine the nth partial sum, and determine whether the series converges or diverges.
S1 =




S2 =

S3 =







The nth partial sum is Sn =

Therefore, 
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Exercise 3:  Determine the sum of the series
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Geometric Series
Def.:  A geometric series with ratio r is a series that can be expressed in the form

Theorem 1:  Consider a geometric series with ratio r:  
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(i.)  If




, then the series converges to the sum


(ii.)  If




, then the series diverges.

Important Note:  The formula for the value of the sum in Theorem 1 (i.) is valid only when the starting value of the index is i = 0.

Proof of (i.):

Exercise 4:  Use Theorem 1 to re-evaluate
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           and r =
We also note that r =

does satisfy

Therefore, 
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Properties of Infinite Series
Suppose that 
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 = B, and that c is a real number.  Then …
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However, it is not not NOT true that 
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Necessary Side Trip:  A Bit o’ Logic
Suppose that we have two statements, p and q, and suppose that the implication 
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Example:  Terry is a man 
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 Terry is a human being.
    This is a
The converse of 
[image: image29.wmf]q

p

Þ

,


, is not necessarily true.


Example:  Terry is human being 
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 Terry is a man.

    This is
The contrapositive of 
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      , is true whenever 
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Example:  Terry is not a human being 
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 Terry is not a man.    This is a
Back to Our Regularly Scheduled Program
Theorem 2:  If the series 
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Proof:  We are assuming that 
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 converges; that is, 
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Therefore,
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, where {Sn} is the sequence of partial sums.
Note that Sn =



Then, 
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Nth Term Test for Divergence
What is the contrapositive of Theorem 2?




     Theorem 2:
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Contrapositive of Theorem 2:
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Theorem 3 (Nth Term Test for Divergence):

If the sequence {ai} does not converge to 0, then the series 
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 diverges.
Pay Close Attention to the Next Two Exercises
Exercise 5:  Discuss the convergence or divergence of the series
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Then, 
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Therefore, 
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Exercise 6:  Discuss the convergence or divergence of the series
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Then, 
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Important Recap
If a series converges (that is, if the sum of the terms of the sequence that makes up the series is a finite number), then the limit of the sequence of terms is definitely 0.

However, if the limit of the sequence of terms that make up the series is 0, the series does not necessarily converge.
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