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*** In Section 9.4, we will continue to study convergence tests that apply to series with positive terms.
For the convergence tests developed so far in Chapter 9, the terms of the series had to fit certain simple formulas or have special characteristics; a slight deviation from these can make a convergence test nonapplicable.  Consider the following examples.
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 is a geometric series, but
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 is not a geometric series.
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 is a p-series, but
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 is not a p-series.


Direct Comparison Test
Theorem:  Suppose that 
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1.  If 
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 converges, then 
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 converges.

2.  If 
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 diverges, then 
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 diverges.

Note 1:  Again, all of the terms must be positive.

Note 2:  It is sufficient that the inequality 
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 only be true for all

Exercise 1:  Determine whether 
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 converges or diverges.

We will compare 
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 with the series


        , which it “resembles.”

Term-by-term comparison:
ai =

   <

    = bi    for all i,   since

Now, 
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By the Direct Comparison Test, Part 1, 
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Exercise 2:  Determine whether 
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 converges or diverges.
Our first attempt will be to compare 
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     , which is a

Term-by-term comparison:
ai =

       <


= bi  is true for all i.

We are attempting to prove that 
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 diverges, so the inequality above does not meet the requirements of the Direct Comparison Test, Part 2.  We know that 
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 diverges, but the ai’s are smaller than the bi’s.  Perhaps the ai’s are small enough so that 
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 will converge.  Nevertheless, 
[image: image20.wmf]å

¥

=

+

1

3

1

1

i

i

 does so closely resemble the divergent 
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 that we expect 
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 to diverge as well.

Our second attempt will be to compare 
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  , which is the

With a table, we see that
ai =

       <


= bi  is true for
Since


      diverges, then 
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 diverges as well, by the DCT, Part 2.
Limit Comparison Test
Often, a given series closely resembles a p-series or a geometric series, but you cannot establish the term-by-term comparison necessary in order to be able to apply the Direct Comparison Test.  Under these circumstances, you may be able to apply another comparison test, the powerful Limit Comparison Test.
Theorem:  Suppose that

,

, and that

where 
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Then the two series 
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 either both converge or both diverge.

Note 1:  Again, all of the terms must be positive.

Note 2:  The LCT is powerful because you don’t have to figure out or prove which of the two series has the larger or the smaller terms.
Exercise 3:  Show that the general harmonic series,
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We will “limit compare”
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Therefore, 
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Exercise 4:  Determine whether 
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 converges or diverges.

In order to pick a good series with which to make the comparison, consider only the highest powers of i in the numerator and denominator of the given series.
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Therefore, 
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Exercise 5:  Determine whether 
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 converges or diverges.
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