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Math 251   Calculus 1   Chapter 2, Section 4
5
CCBC Essex

Continuity
The idea of continuity at a point rules out breaks, jumps, and holes in a graph by demanding that the behavior of a function near the point be consistent with the value of the function at the point.  However, “break”, “jump”, and “hole” are intuitive words, not mathematical words, and we need a mathematical definition.

Def.:  A function f is continuous at x = c if 
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Important Note:  This is a two-part definition.  A function f is continuous at x = c if


(i) the limit of f exists at x = c, and

(ii)  the limiting value—the “L”—is f(c).
Note that f(c) must be defined.
Exercise 1:  Explain why the following function f is not continuous at x = 3.
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Exercise 2:  Explain why the following function g is not continuous at x = 3.
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Exercise 3a:  Let 
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 .  Is f continuous at x = 3?  Explain.

Exercise 3b:  Let 
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  .  Is g continuous at x = 3?  Explain.
Exercise 3c:  Let 
[image: image6.wmf]ï

î

ï

í

ì

=

¹

-

-

+

=

3

,

7

3

,

3

12

)

(

2

x

x

x

x

x

x

h

  .  Is h continuous at x = 3?  Explain.
How to Graph g in Exercise 3b with the T.I. – 83
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Note:  In Exercises 3a and 3b, x = 3 is said to be a removable discontinuity because if you were able to define or redefine appropriately the function for the single value x = 3, the function would be continuous at x = 3.
Exercise 4:  Determine whether the discontinuities in Exercises 1 and 2 are removable or nonremovable.

	Exercise 1
	Exercise 2
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Note:  Don’t let the English meaning of the word removable confuse you.  Once a function has been given for a problem, you are not actually able to remove a discontinuity, for doing so would create a different function.

Properties of Continuity
Theorem:  If f and g are continuous at x = c and if b is a real number, then the following functions are also continuous at x = c.

1.  scalar multiple:



2.  sum and difference:

3.   product:




4.  quotient:


as long as

Theorem:  If g is continuous at c and if f is continuous at g(c), then the composite function given by 
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 = f(g(x)) is continuous at x = c.
Intermediate Value Theorem
The Intermediate Value Theorem is an important theorem concerning the behavior of a continuous function on a closed interval.

Theorem:  If f is a continuous function on the closed interval 
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, and if k is any number between f(a) and f(b), then there is at least one number, c, satisfying a < c < b such that f(c) = k.

	Hypotheses
	Conclusion
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Note:  The Intermediate Value Theorem is an existence theorem, guaranteeing that such a c exists but not telling you what the value of c is.

Applications of the Intermediate Value Theorem
Exercise 5:  On my 13th birthday, I was 5’1”, and on my 19th birthday, I was 6’1”.  Then for any height—say, 5’9” for example—between 5’1” and 6’1”, there must have been a moment in time between my 13th and 19th birthdays at which my height was exactly 5’9”.

(i)  What is the independent variable in this problem?  What is the dependent variable?  What is the function in this problem?  Explain why it is assumed to be continuous.

	(ii)  In this exercise, what values correspond to a, b, f(a), f(b), c, and k?
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Exercise 6a:  Use the Intermediate Value Theorem to show that the function 
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 has a root between 1 and 2.  That is, use the IVT to show that

for some x-value c between
      and

.
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Exercise 6b:  Using the IVT, are you justified in making the following conclusion?




f(c) = 3 for some c between 1 and 2
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Exercise 6c:  Using the IVT, are you justified in making the following conclusion?
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