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The Tangent Line Problem
The idea of a tangent line first arises in geometry in the context of a circle.  And before we start the discussion of tangent lines, we look at secant lines.  A secant line passes through a circle in two places.  The following are examples of a secant line through a circle.
Secant Lines

	

	
	
	


A tangent line touches a circle in just one place.  The following are examples of a tangent line to a circle.
Tangent Lines

	

	
	
	


What Do Secant Lines and Tangent Lines Have To Do With Calculus?
	We can calculate the slope of the line segment connecting the two points at which the secant line intersects the circle.
	
	Now, hold the left point (for example) fixed and move the right point toward the left point, redrawing a secant line each time and calculating its slope.
	
	
	
“In the limit,” we have a tangent line at a point whose slope is the limit of the slopes of those secant lines.


In Calculus, we often work with the graph of a function y = f(x).
	We can calculate the slope of the line segment connecting two points on the graph of y = f(x).
	
	Now, hold the left point (for example) fixed and move the right point toward the left point, redrawing a secant line each time and calculating its slope.
	
	
	
“In the limit,” we have a tangent line at a point whose slope is the limit of the slopes of those secant lines.


Average Velocity and Instantaneous Velocity of a Rocket
Exercise 1:  A rocket is launched vertically from a submarine 200 feet below the surface of the ocean with an initial velocity of 1500 feet per second.  (For simplicity, we will ignore water friction and air friction.  In reality, neither can be ignored.)  The following table and graph represent y = the height in feet of the rocket above the level of the water as a function of

x = time in seconds since the beginning of the launch.  (The graph does not indicate the path of the rocket.)  The equation which relates y and x is 
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x-axis is scaled in increments of 10, and the y-axis is scaled in increments of 5000.
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	(i)  Using the table, compute the average velocity of the rocket between x = 20 sec. and x = 50 sec.  Draw the corresponding secant line.

	(ii)  Using the table, compute the average velocity of the rocket between x = 20 sec. and x = 40 sec.  Draw the corresponding secant line.

	(iii)  Using the table, compute the average velocity of the rocket between x = 20 sec. and x = 30 sec.  Draw the corresponding secant line.

	(iv)  Using the table, compute the average velocity of the rocket between x = 20 sec. and x = 25 sec.  Draw the corresponding secant line.

	(v)  Using the results of (i) – (iv), estimate the instantaneous velocity of the rocket at x = 20 sec.  Draw the corresponding tangent line.
	


Determining a Derivative Function Graphically
Exercise 2:  Sketch the tangent lines of y = f(x) at x-values corresponding to the integers from -2 to 5, inclusive, and estimate their slopes, recording your estimates in the table below.  Your estimates may be slightly different than mine.  Note that the x-axis is scaled by ones and the y-axis is scaled by fives.
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	x
	-2
	-1
	0
	1
	2
	3
	4
	5
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 is the notation for the slope of the tangent line to the graph of f at x.  For example, 
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 is the notation for the slope of the tangent line to the graph of f at x = 3.

By filling in the table, you are creating a function, the derivative function of the original function f sketched above.  Plot this table below, generating a graph of 
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Determining a Derivative Function Algebraically
Def.:  For any function y = f(x), we define its derivative function 
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Note that the text uses 
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Question:  Where does this formula come from?

Answer:  The fraction part of the formula is the slope of a secant line through the points 
(x , f(x)) and (x+h , f(x+h)).  Then, as pictured on page 1 and defined above, we take the limit as 
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Exercise 3a:  Use the algebraic definition of the derivative to determine the derivative function of f(x) = 3x – 4.
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Exercise 3b:  Use the algebraic definition of the derivative to determine the derivative function of 
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Exercise 4:  Use the algebraic definition of the derivative to determine the derivative function of 
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.  Hint: 
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What the Derivative Function Tells Us About the Original Function
	Here is the actual derivative function from Exercise 2, neatened up a little bit.
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> 0 on the intervals
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 < 0 on the interval
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	f is increasing on the intervals

f is decreasing on the interval


General Principles
If 
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 > 0 on an interval, then f is



on that interval.

If 
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 < 0 on an interval, then f is



on that interval.

Moreover, the magnitude of the derivative gives us the magnitude of the rate of change.  If 
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 is large (positive or negative), then the graph of f is steep (up or down).  If 
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 is small (positive or negative), then the graph of f slopes gently.  With these facts in mind, we can deduce a lot about the behavior of a function from the behavior of its derivative function.

More Practice with the Algebraic Definition of the Derivative
	Exercise 5a:  Let 
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 algebraically.


	Exercise 5b:  Let 
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	Exercise 5c:  Evaluate your answer to Exercise 5a at x = 3.  Does this match your answer to Exercise 5b?
	Exercise 5d:  What is the equation of the line tangent to the graph of 
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Exercise 6:  Let 
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.  Determine algebraically its derivative function.  Compare the algebraic steps done here to those done in Exercise 4 on page 5 of Handout 2.3.
The Derivative at a Point Does Not Always Exist
Exercise 7a:  Let 
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 .  Show algebraically that f does not have a derivative at x = 0 by following the steps below.
	Evaluate 
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	Evaluate 
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	Conclusion:


Exercise 7b:  Let 
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 .  Show graphically that f does not have a derivative at x = 0. 
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Exercise 8:  Investigate the differentiability of 
[image: image48.wmf]5

1

)

(

x

x

f

=

 at x = 0.

	graphically

	algebraically

	[image: image49.png]



	  
[image: image50.wmf])

0

(

f

¢

 =


Exercise 9:  Consider 
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	(i)  Sketch y = g(x).
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	(ii)  Is g continuous at x = 2?  Prove your assertion.


(iii)  Is g differentiable at x = 2?  Prove your assertion.

We see in Exercises 7, 8, and 9 that although a function may be continuous at a point, it is not necessarily differentiable at that point.

Theorem:

       If f is





then f is

       If f is





       then f is

Numerical Example
Exercise 10:  Spudd the Salesman sells jogging shoes (by the seashore?).  He keeps a running (pun intended) total of the number of pairs of shoes that he has sold.  In the first week, he sold 25 pairs.  After two weeks, he has sold a total of 53 pairs.  And so on.

	x = week #
	1
	2
	3
	4
	5
	6

	f(x) = total # of pairs of shoes sold
	25
	53
	87
	128
	155
	198


(i)  Estimate 
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(ii)  Estimate 
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, and give its practical meaning.
(iii)  Using your estimate in (ii), approximate the total number of shoes that Spudd will have sold by the end of the seventh week.

Alternate Form of the Definition of the Derivative
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Exercise 11:  Use the alternate form of the definition of the derivative to determine the derivative of the function 
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.  (Recall Exercise 3b on page 4.)
y = f(x)





y = f(x)





y = f(x)





y = f(x)





(x+h,f(x+h))





(x,f(x))
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