Bob Brown
Math 251   Calculus 1   Chapter 3, Section 6
4
CCBC Essex

Inverse Functions
Recall the fundamental fact about inverse functions:  If the point (a , b) is on the graph of y = f(x), then the point

is on the graph of 
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Exercise 1:  Below you are given the graph of a function y = f(x).
	What is the value of 
[image: image2.wmf])

(

1

x

f

-

 for x = 4?
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	Sketch the graph of 
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Theorem:  Let f be a function whose domain is an interval I.  If f has an inverse, then the following statements are true.


1.  If f is continuous on its domain, then 
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2.  If f is differentiable at x = c and 
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Exercise 2:  Estimate the slope of (i) the line tangent to the graph of f at (1 , 4) and

(ii) the line tangent to the graph of 
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 at (4 , 1).
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Exercise 3:  Let 
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 .  Show that the value of the derivative of f at (2 , 8) is the reciprocal of the value of the derivative of 
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 at (8 , 2).


First, note that (2 , 8) is a point on the graph of 
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Also, note that (8 , 2) is a point on the graph of 
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The Derivative of an Inverse Function
Theorem:  Let f be a function that is differentiable on an interval.  If f has an inverse function, g, then g is differentiable at any x for which 
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at any x for which 
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    Or, we write 
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Exercise 4:  Consider 
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(ii) What is the value of 
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 at x = 2?


First, note that f does have an inverse function because

(i) 
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Here, 2 is the

-coordinate for




Thus, 2 is the

-coordinate for


Hence, by algebra (if possible) or by graphing, solve

(ii) 
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Note:  The equation in the Theorem for the derivative of the inverse function is useless in general for determining a formula for the derivative of an inverse function.  The denominator in the formula for the derivative of the inverse function involves the inverse function.  Thus, in order to determine a formula for the derivative of the inverse function, we would need to have a formula for the inverse function itself.  And this is often very difficult or impossible to determine algebraically.  Hence, the Theorem is only useful in general for evaluating the derivative of the inverse function on a point-by-point basis.

Exercise 5a:  Graph y = arctan(x) = 
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, and numerically and graphically explore the value of the derivative a several points.  Do you see a pattern?  Use a decimal window, and make sure that you are in radian mode.
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Exercise 5b:  Use the Theorem on page 2 to determine the derivative function of y = arctan(x).

Let f(x) =

for
    < x <

Then g(x) = 
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Note that 
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Trig. Fact we’ll need:  
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Hence, g(x) = 
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Derivatives of Inverse Trigonometric Functions
Theorem:
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Exercise 6:  Determine the derivative function of each of the following functions.
(i)  
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