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The Fundamental Theorem of Calculus
Informally, the Fundamental Theorem of Calculus (FTC) states that differentiation and definite integration are inverse operations of each other, much in the same sense that division and multiplication are inverse operations of each other.
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  Definite Integration




Theorem:  Formally, the Fundamental Theorem of Calculus says the following:  If a function f is continuous on the closed interval 
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 and if F is an antiderivative of f on the interval 
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Written another way:

  
  = F(b) – F(a)
Exercise 1:  Compute 
[image: image8.wmf]ò

5

2

2

dx

x

 using two different methods.

	(i)  geometrically
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	(ii)  using the FUNdamental Theorem of Calculus
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  F(x) =
Then, by the FTC, 
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Question:  Why don’t we have to worry about which constant, C, we use when we apply the FTC?
     Suppose 
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Exercise 2:  Evaluate the following definite integrals.

	(i)  
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Therefore, 
[image: image18.wmf]ò

4

1

6

dx

x

 =

[image: image19.png]FECIdE=YE




	(ii)  
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	(iii)  
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	(iv)  
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, from Exercise 4(iii) on page 3 of Handout 5.1, we already determined that an antiderivative is 
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Thus, 
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	(v)  
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, from Exercise 4(ii) on page 3 of Handout 5.1, we already determined that an antiderivative is 
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	(vi)  
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Mean Value Theorem for Integrals
As we saw in the second Theorem on page 5 of Handout 5.3, the area of the region under a curve (that is, between the curve and the x-axis) is greater than the area of an inscribed rectangle and less than the area of a circumscribed rectangle.  The Mean Value Theorem for Integrals states that somewhere “between” the inscribed and circumscribed rectangles, there is a rectangle with base 
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 whose area is precisely equal to the area of the region under the curve.

Theorem:  If a function f is continuous on the closed interval 
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, then there exists a number c satisfying 
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Average Value of a Function
Def.: The value, f(c), given in the Mean Value Theorem for Integrals, is called the average value of f on the interval 
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Dividing both sides of the equation in the Theorem above by b – a, we arrive at the average value of f on 
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Average value = f(c) =

Exercise 3a:  Determine the average value of 
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	crude approximation, using only a small, finite number of function (y-) values

	exactly, by the definition

	[image: image48.png]



                            8               2
	


Exercise 3b:  Determine the average value of 
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Exercise 3c:  Determine the average value of h(x) = sin(x) over the interval 
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The Second Fundamental Theorem of Calculus
Earlier we saw that the definite integral of f on the interval 
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 was defined using the constant b as the upper limit of integration and x as the variable of integration.  However, a slightly different situation may arise in which the variable x is used as the upper limit of integration.  In order to avoid the confusion of using x in two different ways, t is temporarily used as the variable of integration.  Remember that the definite integral is not a function of its variable of integration.


Definite Integral as a Number


Definite Integral as a Function of x
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Exercise 4a:  Evaluate the function 
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 at x = -1, 0, 2, and 5.
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	Exercise 4b:  What is the formula for F(x)?  Take a guess based on the above calculations, and then use integration to verify your guess.  (Note that this type of function is often referred to as an accumulation function.)
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Exercise 4c:  Determine 
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Theorem:  (Second Fundamental Theorem of Calculus)  If f is continuous on an open interval I containing a, then, for every value x in the interval I,

Exercise 5:  Determine the derivative.

(i)  
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(ii)  
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