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Math 082 & 083 Combined
SQUARE ROOT METHOD, COMPLETING the SQUARE,
QUADRATIC FORMULA, and DISCRIMINANT


MATH 083
In the Topic #7 Handout, we solved quadratic equations by factoring.  In this handout, we will study three other methods for solving quadratic equations:  the square root method, completing the square, and the quadratic formula.
Square Root Method

Exercise 1 (Section 8.1 #2):  Solve 
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Without doing any fancy algebra, we know that x = 7 is a solution of this equation, since
It is also true that 
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, and so we see that x =
   is also a solution.
In short, to solve 
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Theorem:  For any algebraic expression A and any real number b, if 
[image: image8.wmf]b

A

=

2

,

       then 
[image: image9.wmf]b

A

=

 or A = 
[image: image10.wmf]b

-

 .
The Square Root Method has two general steps:
1) Isolate the squared quantity.

2) Apply the square root to both sides of the equation.  Remember that applying an even root (like a square root) means that there is a positive solution and a negative solution.

Exercise 2:  Use the square root method to solve 
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Exercise 3 (Section 8.1 #10):  Use the square root method to solve 
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Exercise 4 (Section 8.1 #14):  Use the square root method to solve 
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Exercise 5 (Section 8.1 #22):  Use the square root method to solve 
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Exercise 6 (Section 8.1 #26):  Use the square root method to solve 
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Note that 
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Completing the Square

To solve a quadratic equation by completing the square, the equation must be expressed in the form 
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, such as the equations were given in Exercises 3 – 6.  However, not all equations come pre-packaged like that, and we may have to do a bit of factoring in order to obtain that form.  Completing the square is an algebraic maneuver that rewrites an algebraic expression into a form involving a perfect square quantity.  Before we solve any equations, we’ll practice the heart of the completing the square procedure in the next two exercises.
Exercise 7:  Fill in the blanks to complete the square.
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Since b =
   ,   
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Thus, we write 
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Check:  
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Exercise 8:  Fill in the blanks to complete the square.
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Since b =
   ,   
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Thus, we write 
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Check:
Exercise 9:  Solve by completing the square.
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(i) First, isolate the constant term.


(ii) Next, complete the square for 
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(iii) Solve by using the Square Root Method.

Exercise 10:  Solve by completing the square.
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(i) The constant term is already isolated.


(ii) Next, complete the square for 
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(iii) Solve by using the Square Root Method.
Exercise 11:  The formula 
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 is used to approximate the distance, s, in feet that an object falls freely from rest in t seconds.  The CN Tower in Toronto, at 1815 feet, is the world’s tallest self-supporting tower (no guy wires.)  How long would it take an object to fall freely from the top of the CN Tower to the ground?
Quadratic Formula (QF)
We often want to solve quadratic equations, which have the standard form 
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.  Every quadratic equation can be solved with the method of completing the square, but sometimes the method of completing the square is too cumbersome.  We now look at a formula which can also be used to solve every quadratic equation, but which takes about the same amount of work no matter what the quadratic equation is.

Theorem:  The solutions of 
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Solving Quadratic Equations Using the Quadratic Formula


(i)  If necessary, rewrite the equation in standard form  
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(ii)  Identify the values of a, b, and c.

(iii)  The solutions are   
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Exercise 12:  Re-solve  
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  using the QF, and compare with Exercise 9. 

The equation is already in standard form, and we see that   a =
 ,  b =

,  c =
Thus,  
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Exercise 13 (Section 8.2 #4):  Solve  
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Exercise 14 (Section 8.2 #14):  Solve  
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  using the QF.
First, we will make life just a little bit easier by multiplying all terms on both sides of the equation by
       .
(This is not necessary, because you can feed fractions into the QF.) 
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Exercise 15 (Section 8.2 #24):  Solve  
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Exercise 16 (Section 8.2 #28):  Solve  
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Exercise 17 (Section 8.2 #34):  Solve  x(7x + 1) = 2  using the QF.
Discriminant
Def.:  For any quadratic equation 
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, the discriminant is the quantity

Thus, we recognize the discriminant as being the stuff under the square root sign in the quadratic formula.

i)  If 
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 > 0 and is also a perfect square number, then 
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ii)  If 
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 has two real (irrational) solutions.  Moreover, the solutions are irrational conjugates.

iii)  If 
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iv)  If 
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 has two complex (and not real) solutions.  Moreover, the solutions are complex conjugates.

Exercise 18:  Determine the type and number of solutions of 
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Thus, the equation 
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Exercise 19:  Determine the type and number of solutions of 
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First, as usual, rewrite the equation in standard form.


Now, identify the values of a, b, and c.
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Thus, the equation 
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