Bob Brown, CCBC Essex                      
Math 253 Calculus 3, Chapter 12 Section 5
1

Arc Length
In Calculus 2, we studied the arc length of a smooth plane curve given by parametric equations; see Section 10.3 (top of page 724) in our textbook.

Theorem:  If C is a smooth curve in space represented by 
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 on the closed interval 
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, then the arc length of C on the interval is equal to…
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Arc Length Function
Def.:  Let C be a smooth curve in space represented by 
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 on the closed interval 
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.  For 
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, the arc length function is given by…

s(t) =
Exercise 1a:  Consider 
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 on the closed interval 
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.  Highlight the portions of the space curve whose lengths are 
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spacecurve([cos(t)+t*sin(t),sin(t)-t*cos(t),t^2],t=0..Pi);
[image: image10.emf]
[image: image11.emf]
Exercise 1b:  Compute
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, and the length of the space curve over the entire interval.
x(u)  =  cos(u)  +  usin(u)
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You should also verify that the following computations are correct.

y(u)  =  sin(u)  –  ucos(u)
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z(u)  =  
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“Radicand”  =  stuff under 
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Thus, s(t) = 
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Hence, 
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The length of the space curve over the entire interval  =  s(         )  =
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Curvature
Curvature is a measure of how sharply a curve bends.  For example, on the parabola 
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, the curvature is greater at the vertex (3 , -4) than it is at the point (4 , -3).
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Def.:  If C is a smooth curve represented by 
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, then the curvature of C at t is given by either of the following formulas.
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Curvature in Rectangular Coordinates
Def.:  If C is the graph of a twice-differentiable function given by y = f(x), then the curvature at the point (x , y) is given by the following formula.




K  =

Note:  We will not be tackling the curvature formula that uses the arc length parameter, s.

Def.:  The circle passing through the point P with radius 
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 is called the circle of curvature if the circle lies on the concave side of the curve and shares a common tangent line with the curve at P.
Def.:  The radius of the circle of curvature is called the radius of curvature at P.

Def.:  The center of the circle of curvature is called the center of curvature.
Exercise 2:  For each of the given points of the parabola 
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, determine the curvature information and sketch the circle of curvature.

Note:  
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