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Applications of Extrema of Functions of Two Variables
Many optimization problems have restrictions, or constraints, on the values that can be used to produce the optimal (maximal or minimal) solution.  Such constraints tend to complicate the optimization problems because the optimal solution can occur at a boundary point of the domain.  In this section, we will study an ingenious technique for solving such problems.  The technique is called the Method of Lagrange Multipliers.

Exercise 1:  Suppose that a company’s production function 
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 is a function of two variables, x and y, which are quantities of two raw materials.  Suppose also that it costs

$1 (million) per unit of the first raw material and $1 (million) per unit of the second raw material.  The company has a budget of $3.57 (million).  What is the maximum production?


 In this problem, we want to maximize





subject to the constraint
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	Discuss the meaning of the following points.

(1.25 , 1.9)




(2 , 2)
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	Discuss the point A.


Questions to ponder:

1) What is the value of f (the production amount) at A?

2) At what point on the budget line is f maximized?
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	The maximum production is achieved at the point where the budget constraint is tangent to a contour (level curve.)
At the optimum point P, draw 
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, the gradient of f at P, and draw 
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, the normal to the budget line.




We see that at the optimum point P,  
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In other words





Equate 
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Equate 
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Constraint:

So, we have 
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The maximum production occurs when
        units of the first raw material and
units of the second raw material are used.


The maximum production subject to x + y = 3.57 is f(2.38 , 1.19) =
Lagrange’s Theorem:  Let f and g have continuous first partial derivatives such that f has an extremum at a point 
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 on the smooth constraint curve g(x , y) = c.  If 
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, then there is a real number λ, called the Lagrange multiplier, such that


The Method of Lagrange Multipliers
Let f and g satisfy the hypothesis of Lagrange’s Theorem, and let f have a minimum or maximum subject to the constraint g(x , y) = c.  To determine the minimum or maximum of f, use the following steps.

1.  Solve the equations 
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 and g(x , y) = c by simultaneously solving the following system of equations:



2.  Evaluate f at each solution point obtained in the first step.  The largest value yields the maximum of f subject to the constraint g(x , y) = c, and the smallest value yields the minimum of f subject to the constraint g(x , y) = c.

Exercise 2:  What are the maximum and minimum sums of coordinate pairs of points on the circle of radius two centered at the origin?
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In other words, determine the maximum and minimum values of

  subject to


Optimize f(x , y) =
        subject to the constraint g(x , y) =





The Meaning of λ in the Production Problem
What is the meaning of λ in the production problem from Exercise 1?



(i)  Determine the value of λ (from the 
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(ii)  Determine the value of λ (from the 
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(iii)  Suppose, for example, that we increase the budget by $3 (million) to $6.57 (million), giving a new budget constraint x + y = 6.57.  Determine the solution to the new system of equations.


Solving 
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, we would again arrive at
6y = 3x








2y = x

Substituting 2y = x into the budget constraint x + y = 6.57,



  

         we’d get 2y + y = 6.57  
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The production at (4.38 , 2.19) is


(iv)  So, increasing the budget constraint by $3 (million) brought about an increase of
in f.  The ratio, or rate,


     is λ.


Important Note:  The original production problem that we looked at would actually require us to maximize 
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 subject to the constraint 
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.  The budget constraint is an inequality constraint, which restricts (x , y) to a region (
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) of the plane rather than to a curve (the line x + y = 3.57) in the plane.  In general, we should first check to see whether or not f(x , y) has any critical points in the interior of the region defined by the constraint (x + y < 3.57 in our example.)
Optimizing f(x , y) Subject to the Constraint 
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(i)  Determine the critical points of f in the open region g(x , y) < c.
(ii)  Use Lagrange multipliers to determine the local extrema on the boundary g(x , y) = c.

(iii)  Evaluate f at the points found in the previous two steps and compare the values.

Exercise 3 (#16):  Determine the maximum value of f(x , y , z) = xyz subject to the constraint x + y + z – 6 = 0.  Assume that x, y, and z are positive.

First of all, reword this exercise as a “math teaser.”


Find three numbers


  that


    and whose

is a maximum.

Use the Lagrange Multiplier Method to solve the problem.



Optimize



subject to


















The maximum product xyz subject to x + y + z = 6 is
Exercise 4:  Determine three numbers x, y, and z that sum up to n and whose product is a maximum.  Also, determine the maximum product.

As in Exercise 3, 
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 The constraint is

The maximum product xyz subject to x + y + z = n is
A
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