Bob Brown, CCBC Essex                      
Math 253 Calculus 3, Chapter 13 Section 2 Completed
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Limit of a Function of One Variable:  A Review
Def.:  Let y = f(x) be a function.  The limit of f as x approaches a exists and equals L if as x gets closer and closer to a, then y = f(x) gets closer and closer to L.

Mathematically, we write this in the following way.
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Exercise 1a:  Determine whether or not the limit of the given function exists at the given value of a.  If so, what is the value of the limit?  If the limit does not exist, explain why not.
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	The limit of f(x) exists as x ( 2 because





Furthermore, we say that



Exercise 1b:  Determine whether or not the limit of the given function exists at the given value of a.  If so, what is the value of the limit?  If the limit does not exist, explain why not.
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The limit of g(x) does not exist as x ( -1 because


Important Note:  If the domain of a function is one-dimensional (if the function is “of one variable”), then x can only approach a from two paths:  along the real line from the left of a and along the real line from the right of a.  If the domain of the function is two-dimensional (if the function is “of two variables”), then there is an infinite number of paths in the plane along which to approach a point (a,b).







Continous Functions of One Variable:  A Review
Def.:  Let y = f(x) be a function.  f is continuous at a if both of the following conditions are satisfied.



(i)  the limit of f



and
(ii)  the limit value, L,


Exercise 2a:  Determine whether or not the given function is continuous at the given value of a.
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f is not continuous at a = 2 because


Exercise 2b:  Determine whether or not the given function is continuous at the given value of a.
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g is not continuous at a = -1 because


Exercise 2c:  Determine whether or not h(x) = cos(x) is continuous at a = 0.
h is continuous at a = 0 because


Limit of a Function of Two Variables
Def.:  Let z = f(x , y) be a function.  The limit of f as (x , y) approaches the point (a , b) exists and equals L if as (x , y) gets closer and closer to (a , b), then z = f(x , y) gets closer and closer to L.

Mathematically, we write this in the following way.
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Question:  How do you write 
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Exercise 3a:  Determine whether or not the limit of the given function exists at the given point.
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 ,  (a , b) = (0 , 0)
	f:=(x,y)->x*y^2/(x^2+y^2);
plot3d(f(x,y),x=-2..2,y=-2..2);
Graph f with Maple, and look near where
(x , y) = (0 , 0).  Although f is not defined at (0 , 0), the z-value appears to be near 0 when (x , y) is close to (0 , 0).  Thus, our guess for L is 0.
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We have shown that 
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So, if/as
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Exercise 3b:  Determine whether or not the limit of the given function exists at the given point.
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	Graph f with Maple, and look near where

(x , y) = (0 , 0).  Twisting the graph around, there appears to be something “drastic” occurring near (0 , 0).  Our guess, then, is that the limit does not exist.
The definition of the limit is independent of the path taken to (a , b).

If the limit exists, z = f(x , y) must get close to the same finite value, L, no matter what path (x , y) ( (a , b).
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	along x = y
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	along x = 2y
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f(x , y) =





f(x, y) =









Therefore, the limit of f


      at (0 , 0) because


Exercise 3c:  Determine whether or not the limit of the given function exists at the given point.
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	From the graph, we would probably suspect that the limit does not exist at

(a , b) = (0 , 0).  So, we’ll try computing the limit along linear paths (except along the x-axis or the y-axis) to (0 , 0).
Consider y = mx for any m ≠ 0.

For y = mx,  
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	[image: image24.emf]








The fact that the limit taken along all (non-axial) linear paths to (0 , 0) exists and

equals 0 might lead you to believe that the limit exists.

But consider taking the limit along the path y = x2.
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	For y = x2,  f(x , y) =


Therefore,





We have seen that there are




    along


Therefore, the limit of f



 at (0 , 0).

Continuous Functions of Two Variables
Def.:  Let z = f(x , y) be a function.  f is continuous at (a , b) if both of the following conditions are satisfied.



(i)  the limit of f

    and
(ii)  the limit value, L,

Theorem:  If k is a real number, and if f and g are continuous at (a , b), then the following functions are also continuous at (a , b).



1.



2.



3.



4.
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