Bob Brown, CCBC Essex                      
Math 253 Calculus 3, Chapter 13 Section 6
7

Exercise 1:  Let z = f(x , y) be a function, graphed as a contour map below.  Let A and B correspond to points in the domain of f.
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	(i)  Estimate the value of and explain the meaning of 
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is an instantaneous rate of change, which we estimated here with an average rate of change.
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	(ii)  Estimate the value of and explain the meaning of 
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is an instantaneous rate of change, which we estimated here with an average rate of change.
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	(iii)  Estimate the average rate of change of f from A to B, and explain its meaning.

Moving past the point A in the direction of B,

f                           by about                per unit moved




Directional Derivative
	Let P = (x , y) and Q be points in the domain of a function f.  Suppose that we want to compute the rate of change of f at P in the direction of Q.
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 be the unit vector in the direction from P to Q.
If Q is h units away from P, what are the coordinates of Q?
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Therefore, what is the average rate of change of f from P to Q?
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In order to determine the instantaneous rate of change of f at P in the direction from P to Q,

Def.:  Let z = f(x , y) be a function, and let 
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 be a unit vector.  Provided that the limit exists, the directional derivative of f in the direction of 
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Exercise 2:  If 
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Note:  If 
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Theorem:  Let z = f(x , y) be a function, and let 
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 be a unit vector.  If f is a differentiable function of x and y, then 
[image: image32.wmf])

,

(

y

x

f

D

u

r

 =
Note:  The directional derivative is defined in the direction of a unit vector.  If 
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	Exercise 3:  Draw a contour diagram for 
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, and use the limit definition in order to calculate 
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.  Check your answer by using the Theorem at the bottom of page 2.

First, let 
[image: image40.wmf]u

r

 =
	[image: image41.png]






[image: image42.wmf])

2

,

1

(

f

D

u

r

 =
Now, re-calculate 
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, this time by using the Theorem at the bottom of page 2.
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Thus, by the Theorem, 
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	Exercise 4:  Draw a contour diagram for 
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, and use the limit definition in order to calculate 
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.  Check your answer by using the Theorem at the bottom of page 2.

First, let 
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Thus, by the Theorem, 
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Gradient
The gradient of a function of two variables is a vector-valued function of two variables with many important uses.

Def.:  Let z = f(x , y) be a function of x and y such that 
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 is read as “del f” or “grad f.”

At a general point (x , y) in the domain of f, we write 
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	Exercise 5:  Determine and sketch 
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From Exercise 3,
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	Exercise 6:  Determine and sketch 
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Alternate Form of the Directional Derivative
Theorem:  Let z = f(x , y) be a function, and let 
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 be a unit vector.  If f is a differentiable function of x and y, then 
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Exercise 7:  Use this Theorem to redo Exercise 3.
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Thus, by the Theorem, 
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Properties of the Gradient
Let z = f(x , y) be a function that is differentiable at the point 
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1.  If 
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2.  The direction of maximum increase of f at 
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     The maximum value of 
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3.  The direction of maximum decrease of f at 
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     The minimum value of 
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Exercise 8:  Prove Gradient Property #2.
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We see, then, that the maximum value of 
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Rewording of Properties 2 and 4:  The gradient vector at a point points in the direction of the greatest rate of change of f at that point.  This implies that 
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 points in the direction of increasing f.

Note:  The definitions and properties of the directional derivative and of the gradient are similar for functions of three or more variables.  See page 939 in the text.
Exercise 9:  Given a contour diagram of f, which vector that is most likely the gradient vector of f at P?  Circle your answer here:  green vector, blue vector, red vector.


Exercise 10:  Given a contour diagram of f, which illustration most likely contains correctly drawn gradient vectors of f at P and at Q?  Left illustration or Right illustration?


Left illustration



Right illustration
	

	



Although the gradient, like the directional derivative, gives information about instantaneous rates of change, these diagrams only hint at average rates of change.  Nevertheless, f most likely
P = (x , y)
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