Bob Brown, CCBC Essex                      
Math 253 Calculus 3, Chapter 14 Section 8
1

Change of Variables for Double Integrals
Thus far in Chapter 14, we have been computing the double integral of a function

z = f(x , y) defined on a pleasant looking planar region R, such as a rectangle, triangle, circle, etc.  Okay, so here’s the problem.  What chance do we have of computing the double integral of f over R when R ain’t so perdy, like the region below?  Not very good, it seems, for how could we even begin to figure out the limits of integration?
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We will have a good chance of computing the double integral if there are “nice” (that is, differentiable) coordinate functions defined on a rectangle S (or on another pleasant looking region) such that the image of S via the coordinate functions would be the blob R.
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Divide S into small subrectangles 
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S

.  Via the coordinate change functions, the subrectangle 
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 becomes a sub-blob 
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 is very small (that is, if 
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 are very small), then 
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 is approximately a parallelogram by the local linearity property of (the) differentiable (coordinate) functions. 
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	x = g(u,v)
y = h(u,v)
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We know that the area element 
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 in x- and y-coordinates is
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What is the area element in terms of the u- and v- coordinates?

That is, what is the area of 
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 in terms of u and v?
What is the Area of 
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The area of 
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is the area of a parallelogram, which is

The Jacobian
Def.:  Using determinant notation, we define the Jacobian, 
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Thus, we can write the area of 
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Thus, 
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 corresponds to a point 
[image: image23.wmf](

)

j

i

v

u

,

, so the Riemann sum can be written in terms of u and v as follows:

As we let 
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, we get the double integral




[image: image26.wmf]òò

R

dA

y

x

f

)

,

(

 =

Converting an Integral from x,y-Coordinates to u,v-Coordinates
1.  Substitute for x and y in the integrand in terms of u and v.

2.  Change the xy-region R into a uv-region S.

3.  Introduce the absolute value of the Jacobian, 
[image: image27.wmf])

,

(

)

,

(

v

u

y

x

¶

¶

, representing the change in the area element.
Exercise 1:  Compute the Jacobian 
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 for the polar coordinates 
[image: image29.wmf])

cos(

q

r

x

=

and 
[image: image30.wmf])

sin(

q

r

y

=

.

[image: image31.wmf]r

x

¶

¶

  =




[image: image32.wmf]r

y

¶

¶

  =


[image: image33.wmf]q

¶

¶

x

  =




[image: image34.wmf]q

¶

¶

y

  =

Thus,  
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Exercise 2 (Section 14.8 #2):  Compute the Jacobian for x = au + bv and y = cu + dv.
Exercise 3 (Section 14.8 #10):  Sketch the pre-image S in the uv-plane of the region R in the xy-plane using the transformations 
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Exercise 4a:  Evaluate 
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 over the given region R.
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Exercise 4b:  Evaluate 
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 using the change of variables
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