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Scalar-Valued Functions
The following is an example of a scalar-valued function of one variable:  
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The following is an example of a scalar-valued function of two variables:  
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These two types of functions are called scalar-valued because the

    of each are

Vector-Valued Functions
A vector-valued function is a function whose

are

    .
In Chapter 12, we studied certain types of vector-valued functions—vector-valued functions whose inputs were a real number.
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Note each 
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functions f, g, and h are

In Chapter 15, we will study vector-valued functions whose inputs are …


… points in the plane:  
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or


… points in space: 
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Note that M, N, and P are

Note 1:  The designation 
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 indicates that the value (output) of the function is a
           .

Note 2:  The point (x , y) in the domain can itself be represented by the position vector



.  Thus, we could write 
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Note 3:  A vector-valued function is called a
The Graph of a Vector Field (Vector-Valued Function)
Exercise 1:  Sketch the graph of the vector field 
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Note 1:  It would take four dimensions to be able to plot this graph:
However, we will use an idea similar to that of a contour graph.  In a contour graph, we write the output number on the domain point.  To sketch a vector field, at each domain point 
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, we draw the displacement vector 
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Note 2:  Although a vector field consists of infinitely many vectors, we will sketch only a few representative (output) vectors.  With just a few representative vectors drawn, we may or may not get a good idea of what the graph of the vector field really looks like.
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Gradient
One particular vector field (vector-valued function) that we have already studied is the gradient.  Question:  Why is 
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 a vector field?  Answer:
Exercise 2:  Determine and sketch (below and right) the gradient field of the scalar-valued function 
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, superimposed on a contour diagram of f.

	Contour graph of f.
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	Graph of 
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Conservative Vector Field
Def.:  A vector field 
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 is called conservative if there exists a differentiable scalar-valued

function f such that


The function f is called the
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Exercise 3 (Section 15.1 #40):  Determine whether or not 
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 is conservative.  If 
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is conservative, determine its potential function f.
     Suppose that 
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Thus, f(x , y) =

Since 
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f(x , y) =

   is the
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Exercise 4a (Section 15.1 #45):  Determine whether or not 
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 is conservative.  If 
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is conservative, determine its potential function f.

     In order for a potential function f to exist,



and
     Thus,  f(x , y) should = 
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But  2y ln|x| + c(y)  
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 does not have a potential function.  Thus,
Test for Conservative Vector Field in the Plane
Theorem:  Let M and N have continuous first partial derivatives in an open planar region R.  The vector field given by 
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 is conservative if and only if

Exercise 4b (Section 15.1 #45):  Use the theorem above to show that 
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 is not conservative.
Curl of a Vector Field in Space
Def.:  The curl of 
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Note 1:  If 
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, then we say that 
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Note 2:  The curl of a vector field is itself a

Exercise 5:  Let 
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Test for Conservative Vector Field in Space
Theorem:  Let M, N, and P have continuous first partial derivatives in an open space region Q.  The vector field given by 
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 is conservative if and only if

That is, 
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Exercise 6 (Section 15.1 #58):  Use the theorem above to determine whether or not 
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 is conservative.  If 
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is conservative, determine its potential function f.
Divergence of a Vector Field
Def.:  The divergence of 
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Def.:  The divergence of 
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Note:  If div
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Exercise 7 (Section 15.1 #68):  Let 
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Thus, 
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Relationship Between Divergence and Curl
Theorem:  If 
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 is a vector field and M, N, and P have continuous second partial derivatives, then
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