Bob Brown, CCBC Essex                      
Math 253 Calculus 3, Chapter 15 Section 2
1

Smooth Curve
Def.:  A plane curve C represented by 
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is smooth on the interval 
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You may remember this definition of a smooth plane curve from Handout 12.2, middle of page 1, or from the top of page 844 in the text.

Def.:  A plane curve C represented by 
[image: image3.wmf]j

t

y

i

t

x

t

r

r

r

r

)

(

)

(

)

(

+

=

is piecewise smooth on the interval 
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 can be partitioned into a finite number of subintervals on each of which C is smooth.

	Exercise 1 (Section 15.2 #2):  Determine a piecewise

smooth parameterization of the path C.
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Line Integral
Let C be a piecewise smooth curve with parameterization 
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, and let f(x , y) be a continuous function on a region containing C.  We can divide up C into n subarcs, where n is a large number, so that, by the smoothness of C—that is, by the differentiability of 
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—each subarc is approximately straight (approximately a short line segment.)
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	In each subarc, pick a point:

Compute the value of the function at that point:

The approximate length of each subarc is:

Form the Riemann sum:


Letting 
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, we get the line integral

Recalling from Section 12.5 (see the bottom of page 870 in the text) that we can write 
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, we can formulate the following theorem.

Theorem:  Let f be continuous in a region containing a smooth curve C.  If C is given by 
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, where 
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If C is given by 
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, where 
[image: image17.wmf]b

t

a

£

£

, then




[image: image18.wmf]ò

C

ds

z

y

x

f

)

,

,

(

 =

Note:  If f(x , y , z) = 1, then the line integral gives the length of the curve C, 
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That is, 
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Exercise 2:  Evaluate 
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, where C is given below.
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Exercise 3 (Section 15.2 #18):  Evaluate 
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, where C is given below.
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Oriented Curve
A curve is said to be oriented if we have chosen a direction to travel on it.

[image: image25.jpg]



Line Integrals of Vector Fields
Def.:  Suppose that we have a vector field 
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We define the line integral of 
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 along C by
 (in two dimensions)
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(in three dimensions)
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Exercise 4a:  Determine the line integral of the (constant) vector field 
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 along the path shown.
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Exercise 4b:  Determine the line integral of the (same) vector field 
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Exercise 4c:  Determine the line integral of the (same) vector field 
[image: image35.wmf]j

i

y

x

F

r

r

r

+

-

=

2

)

,

(
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Exercise 5 (Section 15.2 #46a):  Evaluate 
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 and C is given by 
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Line Integrals in Differential Form
If 
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 is a vector field of the form 
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 and C is given by 
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, then 
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Thus, we write 
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This differential form can be extended to three variables.  The parentheses are often omitted, as follows.



(in two variables)



(in three variables)
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Exercise 6 (Section 15.2 #62):  Evaluate 
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, where C is the elliptic path  x = 4sin(t) ,  y = 3cos(t) ,  from (0 , 3) to (4 , 0).
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